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Abstract

We give sufficient conditions for the image under projection of a Gibbs measure sup-
ported on a subshift of finite type to be a Gibbs measure.

1 Introduction

In the study of subshifts of finite type a natural class of invariant measures are Gibbs measures.
They play a particularly important role in symbolic dynamics and the modelling of hyperbolic
systems. Somewhat surprisingly the continuous factor of a Gibbs measure, in the sense of Sinai,
need no longer be a Gibbs measure

In this article we consider a projection II from a subshift of finite type X, to another subshift.
Given a Gibbs measure i on 3; we ask whether the projected measure v := II*(u) is a Gibbs
measure. In the case that p is a Markov measure, sufficient conditions for v to be a Gibbs
measure were given in [3]. These results were extended in [4], [5] and [7] to deal with the case
that p is a Gibbs measure and ¥ is a full shift. In the present article we consider the general
case of a Gibbs measure over a subshift of finite type.

This problem is of relevance to the study of Hidden Markov processes, which have recently been
the subject of intensive study because of their applications to a wide range of problems in pure and
applied mathematics. Formally they are factors of Markov systems, but in our context they can
be seen as the images of subshifts of finite type under projections which amalgamate symbols.
The theory of hidden Markov processes is often applied to the study of systems with Markov
dynamics where the observation of the system is not perfect. For example, if two states in a
system are indistinguishable then we cannot observe the true transformation, instead we see some
factor transformation on the set of equivalence classes of indistinguishable states. This observed
transformation may not be Markov even if the original transformation is, and for this reason such
factor maps are referred to as Hidden Markov Processes. Recent survey articles by M.Boyle and
K.Petersen [2] and by E.Verbitsky [7] give a good introduction to hidden Markov processes and
their thermodynamic formalism.

We define subshifts of finite type and Gibbs measures as in [1].
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1 INTRODUCTION

Definition 1.1. Given a finite alphabet A = {1,--- ,k} and a k x k matrix M of zeros and
ones we define the one sided subshift of finite type (X7, o) to be the shift space ¥, := {z €
{1, VO M = 1Vi € NU{0}} coupled with the transformation o : Sy — Sy,
o(xory ) = (r129- -+ ).

Definition 1.2. We call a measure p supported on shift space > a Gibbs measure if there
exists a potential 1) and constants C,Cy > 0 and P = P(¢) such that

/L[w(h e awn—l]

< <C; 1
exp(n(w) —nP() = W
for all w € ¥, where ¢™(w) == Y7} (o*(w)) and [wo, -+ ,w, 1] ={z € X : a0, , Ty =
W, * -+, Wy_1}. We do not require any conditions on the regularity of 1.

By the addition of a suitable coboundary we can normalise the potential so that P(¢)) = 0.
Definition 1.3. We define the n-th variation of a function ¢ : ¥ — R

var,(¢) = sup{|v(z) — ¥(w)| : w; = z; fori =0,--- ,n—1}
In particular, varg(v) = sup{|v(z) — ¥(w)| : z,w € X}
For a continuous function %, lim,,_,., var,()) = 0. The speed of this convergence gives us the
regularity of the function.

Definition 1.4. Suppose we have a projection II from alphabet {1,---  k;} to a smaller
alphabet {1,--- ky}. This can be extended to a projection from subshift of finite type ¥4
over {1,---,ki} to subshift ¥y over {1, -, ko} by II((x;)52,) = (II(2;))2,. If such a II is
surjective we call it a one block factor map.

Any continuous factor can be represented as an n-block factor map for some natural number n,
by recoding we can reduce to the study of 1-block factor maps.

It was shown in [3] that, in general, the image of a Markov measure on a subshift of finite type
need not have a potential defined at all points, and hence need not be a Gibbs measure. We give
a further simple example in Section 4. This motivates the following definition and condition.

Definition 1.5. Given a set B C 3; we let A,,(B) be the set of values of z,, for sequences
x in B.

Hypothesis 1.6. We assume that for II : X1 — 3o there exists a natural number N such
that for any z € 3,

1. If Au{z : 2y = 7, 1(x) = 2} is non empty for some m > N, then A {z : Tpim =
3. H(z) = z} = A {Il(z) = z}.

2. An{l : H(xn—N T xn—i—N) = Zp-N """ Zn—i—N} = An{g : H(l) = Z}




1 INTRODUCTION

The first condition is a mixing condition on fibres, it says that if there exist sequences z, 2’ €
I171(2) then for any n. and m > N there exists a sequence y € 117 (2) with y1, - -y, = @1, - Ty,
and Ypym, -+ =), . Ihesecond condition says that in order to know whether some symbol
x, projecting to z, can be extended to a sequence x projecting to z one needs only to look locally
at z,_n, - Zpan- This is trivially satisfied for full shifts and is weaker than the two topological

conditions of [3]

Example 1.7. Consider the shift space o : 31 — 3; associated to the transition matrix

S O = =
— =
(R e R )
=)

and projection II from 3; to the full shift on two symbols given by

(1) = a, TI(2) = I1(3) = II(4) = b.

Then {2} = Ai{z : I(z122) = ba} # Ai{z : II(z1) = b} = {2,3,4}. We also see that
putting x; = 3 makes it impossible that x5=3, but places no restriction on possible values of
23, Z4... Thus the hypothesis fails on both counts with N = 0. Putting N = 1 it is satisfied.

Up to recoding of the alphabet A we can assume that N = 1, and thus the hypothesis implies
that X is a subshift of finite type, and that specifying some digit x,, in the set of sequences
projecting to a word z only places restrictions on x,_; and z,,;. We then have the following
theorem.

Theorem 1.8. Suppose that 11 from 31 to X9 satisfies hypothesis 1.6. If p is a Gibbs measure
then v is a Gibbs measure. If 1y is a potential for p and 1o a potential for v then

1. If var,(vn) < 010{/5 for some ¢; > 0,6, € (0,1), then var,(i;) < 0205/5 for some
co > 0,605 € (0, 1)

2. If 52 snfvar, (1) < oo for some k > 1 then > o7 n*tvar, (i) < 0o

This generalises the results of [3], [4], [5] and [7]. In [3] it was shown that the image of a Markov
measure is a Gibbs measure provided the projection satisfied two topological conditions. The first
of these was slightly stronger than Hypothesis 1.6 above. Chazottes and Ugalde conjectured that
the second of their conditions, that any word z, - - - z,, projecting to zg,--- , 2, can be extended
to a sequence x projecting to z, was redundant. We verify this conjecture as a direct corollary
of Theorem 1.8. In [4], [5] and [7] the question of projection of full shifts was considered. The
results of [4] and [5] follow as corollaries to Theorem 1.8. [7] gives sharper bounds than Theorem
1.8 on the regularity of 15 in the case that >; is a full shift.

It was further conjectured in [4] that for any Gibbs measure 1 on a subshift of finite type 31, the
image of 1 under projection would be a weak Gibbs measure in the sense that there exist constants
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C1, 5 such that the inequality in Definition 1.2 is satisfied almost everywhere. An example in
section 4 shows this to be false. We believe that, while Hypothesis 1.6 could potentially be
weakened, the principle that a choice of z; cannot affect potential choices of z, for arbitrarily
large n is crucial to the validity of the theorem, and thus that the theorem probably cannot be
extended to projections of subshifts of finite type onto more general subshifts.

In Section 2 we will define a function 5 and show that, should it be well defined, it is a potential
for v. Section 3 is dedicated to demonstrating that 1), is well defined and showing that the
variation behaves as in Theorem 1.8. In Section 4 we give an example and define a class of
potentials for which Holder continuity is preserved under projection.

2 Defining the Potential 1)

In this section we define a sequence of functions which are potentials for measures which ap-
proximate v. The most technical part of the paper involves demonstrating that the limit of this
sequence of potentials converges and satisfies certain regularity conditions, this is deferred until
the next section. Here we assume that the limit is well defined and show that it is indeed a
potential for v.

Definition 2.1. We define our projected measure v in terms of p,
V[z0, ey 2n] = Z plzo, ... ]
X0, 5 Tn

where the summation is over all words xg, - -- , z, in Y projecting to 2zp,- - , z,.

A simple calculation verifies that this is indeed a measure.

Since u is a Gibbs measure there exist by definition a potential ¢); and constants C, Cy such
that

Cl( >, exp( ?“(w(:vn)))) < vlzo, .-, 2] §02< >, exp( ?Ww(fvn)))) (2)

T=TQ," ,Tn T=TQ," ,Tn

for any choices of w(x,) in X; which can follow z,,. If we can find constants k;, ko independent
of n and a function 1), such that

k1< > exp(w?“(w(xn)))) < exp(¥5t(2)) < k’z( > eXP(W“(@(%))))

L=L0,"" ,Tn
(3)
for all t € 35 and some w(z,,) in ¥; then (2),(3) and (1) give that v, will be a potential for v.
Dividing by exp(¥5(c(z))) we see that such a 1), would also have to satisfy

T=20," ,Tn

By Saan g (] ()
B e 00 ()

D D R CATIC))
kv Dy e XD (2w(20)))

< exp(¥a(z)) <
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Do P (20(20)))
D iy, CXP(UT (20 ()

it led to a definition of ,. Because we are dealing with the projections of subshifts rather than
full shifts in this work the concatenation of sequences is more difficult, and in particular there is
no simple expression for u,, ,,+1(2) as a function of terms w,, (). This motivates the following
refinement of the definition.

, and showed that

In [5] we investigated the sequence uy, ,(2) :=

Definition 2.2. For n € N, j € A and w a sequence in ¥ such that jw is admissable, we
define w4, : 2o — R:

Zx =T Tn—1] eXp( n+1(w))
Zg:zl...xnﬂj eXp(% (w))

Ujwm (2) =
where

Loy =" oo and P! = Z"Hwoa

2. each summation is over finite strings from 3J; for which x; projects to z;, fori =0, ... n;

3. zjw € ¥ denotes the concaternation of words to give the sequence (zg, -+ , x,_1, J, Wo, wy - - -

We note that there is an explicit dependence on the choices of w(x,,) and j here. However, we
will show that the limit u := lim,, o %}, is @ well defined function depending only on z € >,
and that vy := logu is a potential for v.

Proposition 2.3. u(z) := lim,, .o wjwn(2) is well defined and independent of j,w

We return to the proof in the next section. We work towards showing that, should u(z) be well
defined, log(u) is a potential for v.

Lemma 2.4. There is a constant C depending only on 1, such that

l < Z£:$O"'In eXp( n—l—l(xw)) ZE Trp1 s exp( f—n(fw)) <C

¢~ Y aaga, P (zw)) -

Proof. We split the expression into two fractions. Hypothesis 1.6 gives us that a choice z,
cannot affect choices of x, 9, since for any x,, there exists an x,,,; projecting to z,,; such
that x,, p11, Tpio is an admissable word. Given x,,, we shall use the notation Zx D 1 ts
to mean the summation over all words © = x,41--- x5 in Y projecting to 2,41, -+ 2s With
the added restriction that x,z,,; must be an admissable word in ¥;. Given x,, we have

D i, XD (TW))

D e, EXP(Y] T (TW))

D i as Doy XDV (TEW))

D imimrszs Doy XD (TIw))

D immenas DT T (EW)) 300 exp(¢hn (Thw))
Do, XL (Fw)) 322 exp(i (Taw))
exp(va'ro(wl)).|A|

1 <

IN
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The final line follows because, given any x,,, , hypothesis 1.6 guarantees the existence of at
least one choice of 7 linking x,, to x, 2 and there can be at most |A|, thus the ratio of the
number of terms can be at most |A|, and for any T = x,,,1,

exp (¢ (z'Ew))
exp (Y1 (TTw))

< exp(vare(vy)).
We note that from the definition of a Gibbs measure we have that, for two choices w and w’,

Cyexp(it (zw)) < plag, -+, 2, < Coexp(yit (zw)),

which gives in particular that for any 7,

Z@Zaxowxn exp( {H_l('r_)) < %
D amngay, XD (2Tw)) T O

Returning to our original expression,

> amngeay, XD (zw)) Yoo, L exp(¥T (Tw))
> e age, XD (zw))
D ammg, XD (zw)) Yoo, L exp(U] T (Tw))

> emagay, P (@Tw)) Y2, exp(¥T" (Tw))

%M\ exp(varg (1))

IN

so putting C' = | A| exp(varo(wl))g—f we are done. O

We can now define the potential for v:
Definition 2.5. We define ¢ := log u.

Lemma 2.6. If u is well defined then 1y is a potential for v.
Proof. Fix n > 1. We can write
D (2) = limy, 00 108 U m (2) + -+ + limy, o0 10g 1 4 (0"2) and then

Z§=xo---zm—1j eXp( ?H_l(w)) )

D rmnrm g EPTT (Tw))

m—-+00

;7 (w) = lim log (
Moreover, by Lemma 2.4

> e aw) <O Y ep@pti@w) ) exp " (Tw))

T=T0 " Tm—1] T/=x0"Tn T=Tn+1""Tm—1]
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so we can bound

% > expit(@w)) < gm e ) <C Y et (aw).

T=Tp+1 - Tm—17 eXp( 1 H(Ew)) ’—

', x'=x0Tn

exp(y" (zw))

El:m()"'-rn

v .
=exp(D_i—g 108 Uj v, (m—s)(072))

Since u is a Gibbs measure for ¢y, there exist constants C;, Cy > 0 such that for any 7(z) = z
and n > 1:

Crexp(¥f(2)) < mlro - x,) < Coexp(PpH(z)).

Summing over strings corresponding to 7(z) = z gives

Ci _ vz e
C = exp(¥3(2))

It then follows from the definitions that v is an equilibrium state for . n

S 0207

3 Proof that v is well defined

In this section we will demonstrate that 1), is well defined and prove properties of the variation.
While the details are quite technical, the underlying principles are straightforward. We begin with
three definitions which help us quantify how accurate an approximation the function u;, »(2) is
to the limit u(z).

Definition 3.1. A, (z) := [min; , w4 wn(2), MaXr 4 Wjr 4 n(2)]

Definition 3.2. \,(z) := sup {% cw,w € X7, € A} )
3" w'n

Definition 3.3. )\, := sup_cs, An(2)

The next lemma shows that A,,(2) is a nested sequence, and so the existence of 1)5(2) at any point
z corresponds to the convergence to 1 of the decreasmg sequence An(z). We also note from the
definition that w; ., »,(z) actually depends only on zo, -, Zn. S0 A, (2) only depends on zg, - - - 2y,
and if z and 2’ agree to n+1 places then A,,(z) = ( ) Then the nestedness of A,, ensures that
u(z) and u(z’) are both contained in the interval A, (z). Hence |12(2) — 12(2))| < log(An(2))
and so var,.1(¢s) < log(\,).

This section is dedicated to demonstrating that A\,, — 1 and on obtaining rates of convergence
which give the variation of 5.

Lemma 3.4. The sequence of intervals A, (z) is nested.

Proof. We observe that

Zi numerator (s, jwn(2)). exp(i (jw))

ZJ denominator(uy, juwn(2)).exp(¥1(jw))
< maxug, woa(2)

Uj,w,n+1 (2) =

7



3 PROOF THAT 1+, IS WELL DEFINED

Zk 10k {ak}
< max — .
Zk1 i by,

The same observation works for the minimum. O

where the second line follows because

To demonstrate that \,, — 1 we define a probability vector which allows us to express the function
Ujw,s IN terms of functions wj ., for n < s.

Definition 3.5. Let 0 < n < s, 7, x, € A be fixed. Let T be some choice of word x,, 11, , x4
compatible with z,,. We then define

D n Dot srg DU (2T IW))

Zg/le"'its+1] Xp( s+2 (glw))

P(s+2,n) (Iny fhj’w) —

By construction, this is a probability vector over choices of x,, and Z. (Note that by Hypothesis
1.6 there is always some choice of # linking z, to j and so PC+2™) (%, j w) is never zero for T
compatible with x,,.)

Definition 3.6. Given z,, T = x,,1 - Ts, w and j we let w™* be the concatenation Tw
for the value of x5, which maximises g, ziwn(2), Where & = x4.1j5. We let w™™ bhe the
string 2w which minimizes u,, zzw.n(2)-

Lemma 3.7.

ujws+2 ) < Z Z Ug,,, :cwm‘“’n( )P(S+2 n)(xmx J,w).

Ty T=Tp+41Ts

Proof. By definition, the numerator of w;, s12(2) is
Z exp(Y53 (zw Z Z Z Z exp(Y T (zT2w)) exp(¥iT? " (Ziw))
T=T0 " Ts41] Ty T=XT0'Tp T=Tp41'Ts T= =Ts+1,]

where we have used "2 (z2Tiw) = ¥ (2Tiw) + 52" (Tdw). We can further rewrite this
as

on exp(Y T (22w In
SEDONEDS ( o CPUL T ))) > explyiaEiu) | el ()

n
Tn T=Ent1, Ts E=Tsi1] m’—ml e eXp<¢1 <£ xxw)) /=1 T

~~ (. S/

Ug, Fow,n(2) v
T BT S ). exp(¥; 3 (z/Tiw))

Now we wish to move the summation over z to the second bracket, but we note that the
first bracket is not independent of . However using w™** as defined above we can get an
inequality.
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Tn Zzixoa:n exp( n+1 (xfwmax)) Ts Tp 2

< Z Z S exp (V7 (2/'Twm™)) Z Z exp(¥y (z'Tiw))
Tn j:xn+l’...m5\ g'=z1-Tn P 1A= T=ws41] T'=31Tn

N~ . -

uZn JZwmaX p (g)

~
numerator(Ps1t2:7(x, ,T,j,w))

So by dividing by the denominator of u; , s12(2), which equals the denominator of P**2"(z,,, T, j, w),
we see

ujws—i-Q < Z Z Uyg,,, xwmaxn( ) PS+2n(xnaf7jaw)~

Ty T=Tp+41,

We note that the only dependence on j in the above is in P**%"(x,,, 7, j,w), in particular,
all the summations are over sets which are independent of j. O]

Corollary 3.8.

uj,g,s—i—Z(é) < an Zx Tp41Ts xn,fwm”,n(é)P(SJrQ’n)(iL‘n,f,j,w)
Uj/7w/’3+2(2) an Zx Tl Ts Z‘n xw/mzn n(é)P(3+2,n) (x’r“ E’ jl, w/)) .

This follows from using w™™ in the previous lemma for the denominator. Now we restate lemma
4.7 from [5], for completeness the proof is included as an appendix.

Lemma 3.9. Suppose that for all j,j' € 17 (z,), w,v € ¥y, s >n + 1:

1 uj,w,s-&—?(é) an Zx Tt1, T ufﬂn,fﬂn‘axn(z) PS+27n(xn7§7jaw )
' uj,&,m(z) > Zﬁ"%ﬂ,.--,ms Uy, zymin p(2). P2 (2, T, §, 0)
(X, T, w)

2. there exists ¢ € (0,1) with ¢ < V1, T, j, k,w,v,s >n; and

Ps+2,n($n7 Ea j/> Q)

uzn7§wmax7n g S
5 ez nld) o057 van)

Uy, Fomin n é)

Then Ujawst2(2) <coexp (235, vare(yn)) 4+ (1 — ¢).max; jwo (ujw—n(g)), giving

Ujr y s12(2 Ujr yn(2)

Asia(z) < c.exp ( Z varg (i ) (1 —c)Au(2).

k=s—n
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Since each A, is finite we can take suprema over z in the previous inequality to get

s

Asi2 < c.exp (2 Z vark(wl)) + (1 =)\

k=s—n

In particular, by making sufficiently large choices of s when iterating, this gives that that A\, tends
to one and so v, := log u is well defined and continuous. The following appears as theorems 5.2
and 5.3 of [5].

Lemma 3.10. Suppose \, is a sequence such that, for s > n,
Ast2 < coexp(2d i . varg(¥r1)) + (1 —c)\,.
1. If vary () < 019{/5 for some ¢; > 0,0, € (0,1) then log(\,) < 0295/5 for some
co > 0,05 € (0, 1)
2. If Y07 s nfvar, (1) < oo for some k > 1 then Y o jnF~tlog(),) < oo
The following two lemmas prove that the conditions of Lemma 3.9 are satisfied, and so 15 is well
defined. Observing that var,(12) < log(\,), this gives the appropriate regularity results for 5.

Lemma 3.11. There is a uniform bound

P(S+27n) (xn, f’ j7 w)
c <
= P(s+2n) (xn’ T, j/’ w/)

Proof. We can write

In Ts s+2 — A
P(S+27n) (-Tna f? j? w) = Zgle-uxn Zi:xs-‘rlj exp( ! (£x$w>) .

/ A
Zg’:x’l---mg Eglthj eXp( f+2 (g’xw))

We consider first the numerator. Given a choice of T, changing j can only effect possible
choices of z4,1. There will always be at least one choice of x,,; linking x5 to 57 by Hypothesis
1.6, and there can be at most |A|. So the number of terms in the summation for different
choices of j can differ by a factor of at most |A|. Furthermore, given x = z¢---x,,T7 =
Tpi1 Ts, T, 2, 7,7, w,w', we have by lemma 2.4 that

exp(Yy 7 (aTiw))  exp(¢f(aTiw)) exp(¥f(iw))

w
exp(¥; 2 (2zd'w’))  exp(vf(zTa'w’)) exp(V3(2'w'))

< C.exp(2vary(vn))

Making identical calculations for the denominator we see that the lemma is proved with

1
~ JA]2C2 exp(dvaro(¥1))

C

10
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We now need only to confirm that the third condition of Lemma 3.9 is satisfied in order to
complete the proof of Theorem 1.8.

Lemma 3.12. —fnw"n <exp(2) i_. , varg(ir))

uxnvfwmin n

Proof. We recall that T was some choice of x,.1,---xs. Considering first the numerators,
we see that o
numerator Uz, zywmaz n) Y ey, XD (ZTWMT))

nUMerator (Uy, zuminn) oy p0 eXp(YPT (ZTwW™N))

comparing termwise we see that o*(2Zw™™) and o* (2Z7w™**) agree to s —n+ (n — k) places,
and thus for any choice of z,

n+1

exp giwmax
( 1n+1(( T < exp ( Z vary (Y1 )

exp(1 TTW it

Summing over all choices of z and making the identical calculations for the denominator the
lemma is proved. [

Hence u; ., (2) satisfies the conditions of Lemma 3.9, and so by Lemma 3.10 we have that 1 is
a well defined potential for v satisfying the regularity conditions of Theorem 1.8. Hence Theorem
1.8 is proved.

4 Examples and Comments

First we give an example which shows that some condition such as Hypothesis 1.6 on the projection
IT : 3y — X5 is necessary, indeed without any conditions it possible that the projected measure
v need not be a weak Gibbs measure.

Definition 4.1. A measure v is called a weak Gibbs measure if there exists a Holder con-
tinuous function ¢, : ¥ — R such that

o V[Z(), - ,Zn—l] o
'S e @i)

for almost all z € X.

Example 4.2. Consider the shift space o : 31 — ¥, associated to the transition matrix

O ==
—_ O =
O~ O R
_ O = O

11



4 EXAMPLES AND COMMENTS

and consider a factor map Il : ¥ — 3y with II(1) = 1, II(2) = 2 and I1(3) = I1(4) = 3. Let
11 : 31 — R be a Hélder continuous function (such that P(i;) = 0) with Gibbs measure .
We suppose that II,u = v is a weak Gibbs measure. Then, for almost all w,

Crexp(ytt(13---3w)) <v[1,3,---,3] =p[1,3,---,3

and
Coexp(ytH(23---3w)) > v[2,3,---,3] = u[2,4,--- ,4

n

If we further suppose that p is a Bernoulli measure with p[3] < p[4], we need only take n
large enough such that

p[p3)" 2] p4]"
Crexp(inf,1py(z)) — Cyexp(sup, ¥»(2))

and we see
Py (3- - 3w) <y (3---3w)

for any w, thus ¢% is undefined on [3,--- , 3] which is a set of positive measure. So there is

n
a set of positive measure on which v does not satisfy the Bowen Gibbs inequality (1), and
thus v cannot be a weak Gibbs measure.

We now consider a class of potentials for which Holder continuity is preserved under projection.
Example 4.3. Suppose that ¢); can be expressed as
Ui(z) = fozo, 1) + fi(zr, 2) + -

Then Holder continuity of ¢y implies Holder continuity of 1),.

Proof. Given some choice of wy, the dependence of u;.,,(2) on the later terms in w is less
than var,(¢1). This is because, given xg - - -z, and w, w’ with wy = wy,

Yi(0" (o, -, waw)) — (0 (20 wp)) = an—i—i—k(wkawk—&-l) = frmith (W Wiy )
k=0

and hence

n+1 n

Z:c:x T — ~eXp( 1 (w)) =
e = <exp | YD fucivr(wi, W) = faisr(Wh, whyy)

Z§:$0"'mn71j exp( 1 (w_’)) i=0 k=0

12



5 APPENDIX: PROOF OF LEMMA 3.9

This is independent of the choice of z. Thus we have

Ujwn(2) D emaganr; EPOT T w)) Yo, L exp(f (')
Ujw'n(2) D 1 eXp(wl (z'w)) ) L exp(Yy P (zw))
5y P () S, exp(0 ()
SR Uexp( Taw) Sy s 00 ()
o exp(ig Do frirk (Wi Wer1) — frin (Wi W)
eXP(Z?ﬂ ZZio Jr—ivk (Wi, Wei1) — frive(w), wfﬁl))

= exp(z fn+/€(w/€7 wk+1) - fn+k(w;m wllﬁ—l))
k=0

< wary(¢n)

The appearance of exp(2) ,_.  wvarg(i¢y)) in the statement of Lemma 3.7 appears as a

Uj,z zwn Z)

maximal value of Choosing s = n+ 1 and putting T = wy, the statement of lemma

I"LU/ n( )
3.7 now becomes ;

Atz < clexp(var, (1)) + (1 — )\,

which in particular gives that Holder potentials project to Holder potentials. This generalizes
the result in [3], where it was shown that Gibbs measures with locally constant potentials
(Markov measures) project to Gibbs measures with Holder potentials. O

It was demonstrated in [7] that Holder continuity is preserved under projection in the case that
31 is a full shift. The question of whether the same is true for subshifts of finite type remains
open.

5 Appendix: Proof of Lemma 3.9

Lemma 3.9 was proved in [5] but we repeat the proof here for completeness.

We recall that we had

uj,g,s—i—Q (é) < an Zz Tyl Ts xn,iwm’”,n (E)P(SJFZH)(:EM f, j, w)
Uj/7w/,s+2(§) an Zx Tg1 - Ts xn T ™" n(é)P(SJrZ,n) (xn7 f’ jl, w,)) .

Tn
E:anrl o Tg

let P, represent the probability vector P+2™)(z,, 7, j,w), P, represent the probability vector
P2 (g, 7, j', w'), A represent vector (ug, zymar ) and B represent vector (ug, s, min ), all
over choices of i € I = z,T. Let a;,b; represent the ith terms of A and B respectlvely The
above inequality now becomes

To simplify notation, we fix z and rewrite > 7 >° as ) ... letting i represent 7. We
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5 APPENDIX: PROOF OF LEMMA 3.9

Uj s 12(2) < P - A
Wyt s+2(2) = P B’

where, under the hypotheses of Lemma 3.9, there is a universal constant ¢ such that ¢ < X 8
and A(l <exp(2>;_, , varg(¢r))

We claim that
Yasr2(2) < c.exp (2 i vark(¢1)> + (1 — ¢). max (—uj’w’n(g))
Ujr p,s+2(2) N 3od'we \ Uy (2)
Proof:

We assume that max; js ., ( )) > exp (23 ,_,_, varg(i1)), otherwise

Uit wn\&

Waret2(E) (0440 max (“ﬂw—@)) < cexp (2 > vark(¢1)> (1—¢) max <“Jw—<§)>

Ujirp,5+2(2) 3od = G w0 \ Ujr . (2)

as required.

Now we use ¢ to write

uj,w,erg(g) < (C.Pl . A) + ((1 — C).Pl : A)

Ujrwst2(2) ~ (c.Pr-B)+ (P2 —ch) - B)
noting that P, — c¢P; > 0. We will use 1 to represent a vector of all 1s of length |I].
Now A <exp (23, ., vary(i)) B, so

Ujw,s+2(2) < (C €xp (2 D ks n VATk ¢1)) ) (L—=c).P - A)
Ujost2(2) T (c.Pr-B) + (P2 — CPl) B)
(ccexp (235 s, vare(vn)) Pr- B) 4+ ((1 — ¢).P; - 1. max;(a;))
- (c.Py- B)+ ((Py — ¢Py) - 1 ming(b;))
(c exp (2 > . var 7,/11)) Py - 1 miny( l)) + ((1 —¢).P, - 1. max;(a;))

- (c.Py - Tming(by)) 4+ ((Py — cPy) - 1 min,(b;))

nj;{—;((;)l:)) > exp (2325, varg(¢n)), and

so shrinking terms on the top and bottom which are similar leads to more weight being given to
those which are dissimilar. Of course a probability vector dotted with a vector of 1s gives 1, so
we can divide by min;(b;) to get

The justification for the last step is that we assumed

Ujw,s+2 (&) < C.exp (2 ZZ:sfn vary (wl)) + (1 - C)'%
Ujrst2(2) T c+(1—-c¢

k=s—n JnJ7w5v ujlzvzn (z)
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